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Exercise 3

Solve uy = gy +cosz, u(r,0) =sinz, wu(r,0) =1+ 2.

Solution

Solution by Operator Factorization

Bring c?u,, to the other side.
Ust — gy = COST

Write the left side as an operator acting on w.
(07 — 9*)u = cosx
The operator is a difference of squares, so it can be factored.
(01 4+ c0y) (0 — cOz)u = cos

Let
v = (0 — cOy)u

so that the PDE becomes
(Or + cOyz)v = cos .

The second-order PDE we started with has thus been reduced to the following system of
first-order PDEs that can be solved with the method of characteristics.

U — ClUy =V (1)

V¢ + CUgz = COST (2)

We will solve the second one for v first, and once that is known, the first equation for u will be
solved. For a function of two variables ¢ = ¢(x,t), its differential is defined as

qﬁ 0 .

dt+ 81‘

do =
If we divide both sides by dt, then we get the relationship between the ordinary derivative of ¢
and its partial derivatives.

dp 0¢ 0O¢dx

— 3

at ot ordl )
Comparing this with equation (2), we see that along the curves in the zt-plane that satisfy

dx
i 4
at ~© @)
the PDE for v(x,t) reduces to an ODE.
d
dit} =cosz (5)

Because ¢ is a constant, equation (4) can be solved by integrating both sides with respect to t.

r=ct+E&, (6)
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where ¢ is a characteristic coordinate. Substitute this expression for z into equation (5) to obtain
an ODE that only involves ¢ (£ is regarded as a constant).

dv
i cos(ct + &)

Integrate both sides with respect to t.

o(E.1) = Lsin(et + )+ £(6)

where f is an arbitrary function of the characteristic coordinate £. In order to write v in terms of
x and t, solve equation (6) for &.

r=ct+& — E=x—ct

Hence,

1
v(z,t) = —sinz + f(z — ct).
c
As a result, equation (1) becomes
up — cuy = —sinzx + f(x — ct).
c

Comparing this equation with equation (3), we see that along the curves in the zt-plane that
satisfy

dx
oo 7
La— @
the PDE for u(z,t) reduces to an ODE.
d 1
dit‘ = —sina + f(z —ct) (8)

Because ¢ is a constant, equation (7) can be solved by integrating both sides with respect to ¢.
x=—ct+n, 9)

where 7 is another characteristic coordinate. Substitute this expression for = into equation (8) to
obtain an ODE that only involves ¢ (7 is regarded as a constant).

d 1
d%: = sin(—ct +n) + f(—ct +n — ct)
du
dt
Integrate both sides with respect to t.

1
= sin(—ct +n) + f(n — 2ct)

1 t
() = g cos(—ct-+n)+ [ 1y~ 2e5)ds + gl

where ¢ is an arbitrary function of the characteristic coordinate 7. The integral of an arbitrary
function is another arbitrary function.

1
u(n,t) = = cos(—ct +n) + F(n—2ct) + g(n),
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In order to write u in terms of x and t, solve equation (9) for 7.
r=—-ct+n — mn=z+ct

Hence,

1
u(z,t) = = cos(—ct +n) + F(x + ct — 2ct) + g(x + ct)

1
= c—gcosx—i—F(a:—ct)—i—g(x—i—ct).

This is the general solution to uy = cuy, + cosx. If we apply the two initial conditions, we can
determine F' and g. Before doing so, take a derivative of the solution with respect to t.

ug(z,t) = —cF'(x — ct) + cg'(x + ct)

From the initial conditions we obtain the following system of equations.

1

u(z,0) = — cosx + F(x) + g(x) = sinz
c

ug(z,0) = —cF'(z) +cg'(z) =1+ 2

Even though this system is in terms of x, it’s really in terms of w, where w is any expression we
choose.

1
— cosw + F(w) + g(w) = sinw
c
—cF'(w) + cg'(w) =1+ w

Differentiating both sides of the first equation with respect to w, we get

1 1
) sinw + F'(w) + ¢'(w) =cosw  —  ¢(w) =cosw + C—zsinw — F'(w).

Plug this expression for ¢’(w) into the second equation.

1 1 1
—cF’(w)—l—c{cosw—l—zsinw—F'(w)] =l+w — F’(w):2<ccosw+sinw—w—1>
C C C

Solve for F'(w) and obtain an expression for F(z — ct).

1 1 2
F(w):%(csinw—ccosw—u;—w> +C

(v — ct)?

2

1 1
= F(zx—c)= % {csin(m —ct) — —cos(x — ct) —
c c

—(x— ct)} +Cq
Use the first equation to solve for g(w) and obtain an expression for g(x + ct).
_ 1
g(w) =sinw — — cosw — F(w)
c

. 1 1 . 1 w?
=sinw — S cosw — — | esinw — —cosw — — —w -1
c 2c c 2
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1 1 2
g(w) = % <csinw— Ecosw—i— % —l—w) -y
(z + ct)?

1 . 1
= glz+ct)= % csin(z + ct) — - cos(x + ct) + 5

+ (z + ct)} -
The general solution for u(x,t) becomes

1
u(z,t) = c—Qcosm—i—F(:c —ct) + g(x + ct)

1 1 1 — ct)?
:?cosx+2—c [csin(x—ct)—ccos(x—ct)—(x 26) —(m—ct)} +f
L[ 1 t)?
+ o csin(w—i—ct)—cos(:v+ct)+m26)+(x+ct)] —
c c
082 + S[sin(@ — ct) + sin(x + cb)] — =5 [cos(@ — ct) + cos(x + cb)]
== —[sin(x — in - — -
2 cosz + Ssin(z —c sin(z + ¢ 5z lcos(z —¢ cos(z + ¢
1 t)? — ct)?
+26-(x—|—20) _ 26) —i—(x—i—ct)—(a:—ct)]
1 1
:—QCOSQ:—i—i(sinxcosct—M—i—sinxcesct—i—g@s&sﬁ‘rﬁ)
c
1 1
- ﬁ(cosxcos ct + sitrsiact + cos x cos ct — sinwsinct) + 2—[201&(3: +1)]
c c
1 1
:—QCOSJT—I-Sinmcosct——2cosmcosct—|—t(az+1).
c c
Therefore,

1
u(z,t) = 3 ¢os x(1 — cosct) +sinz cosct + t(x + 1).
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Solution by the Method of Characteristics

Bring c?u,, to the left side of the PDE.
Uy — gy = cos T
Comparing this with the general form of a second-order PDE,
Aug + Bug + Cugy + Duy + Euy + Fu = G,

we see that A=1, B=0,C=—c?>, D=0, E=0, F =0, and G = cosz. The characteristic
equations for a second-order PDE are given by

d 1

M (B+V/B?—4AC),
dt  2A

the solutions of which are known as the characteristics. Since B? — 4AC = 4¢? > 0, the PDE is

hyperbolic, so the solutions to these equations are two real and distinct families of characteristic

curves in the xt-plane.

do_ %(i\/@)

dt

dx 1

d—x—c or d—x——c
dt dt

Integrate both sides of each equation with respect to t.
r=ct+Cy or xz=—ct+Cs
Now make the substitutions,

E=ax—ct=0Cy
n=x+ct=0Cs,

so that the PDE takes the simplest form. The aim is to write u, s, and cosx in terms of the
new variables, £ and 7. Solving these two equations for x and t with elimination gives

o= 50+8)
1
t= 2*6(77*5)

Use the chain rule to write the old derivatives in terms of the new variables.
Ou  Oud¢  OJudn B
9t O ot + ot ug(—c) + uy(c) = cluy — ug)
Ou  Oud§  Oudn

9 = e0e T apgn — ve@ Hu) =ue b

Find the second derivatives by using the chain rule again.
0%u 0 o0& o0 Onod o¢ 0 0
92 Ca(un —ug) =c (8758{ + (%8?7) (un —ug) = ¢ [atag(un — ug) + ot 877(% — ug)
Pu 0 069 0n o o€ o
22 T 55 | (e + up)

0
e%—mW+W—Qwﬁwwn = gwoe et T g,

V]
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Hence,
0%u )
o2 cl(=e)(ugn — uee) + (¢) (ugy — uen)] = ¢ (uge — 2ugy + upy)
0*u
557 = (D(uee + uey) + (1) (ugy + ) = ge + 2ugy + .

Substituting these expressions into the PDE, uy — c?uy, = cosz, we obtain

1
02(%— gy + Ty) — 02(%—1— 2Ugy + Thy) = COS [2(77 + 5)] )

Simplify the left side.

—4c*ug, = cos B(n + {)]

Divide both sides by —4c?.
d*u 1 1 (n+)
= ——cos |=
acon a2 2V
This is known as the first canonical form of the PDE. Integrate both sides of it partially with
respect to n.

9% | 1
| 5 = ' qeos g0 s+ rc0
where f is an arbitrary function of &.
ou 1 |1 K

e = —gasn |30+ + 1@

Now integrate both sides partially with respect to &.

I S o o P

where g is an arbitrary function of 7.

) = { gz 2008 [ S0+ 9)] + Fo) Y + a0

u(€,n) = clgcos B(n + 5)] + F (&) +g(n)

Since u has been solved for, change back to the original variables, x and ¢, by substituting the

expressions for £ and 7.
1
u(z,t) = — cosw + F(x — ct) + g(x + ct)
c

This is the general solution to uy = cugy, + cosz. If we apply the two initial conditions, we can
determine I’ and g. Before doing so, take a derivative of the solution with respect to t.

wg(z,t) = —cF'(x — ct) + cg'(x + ct)
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From the initial conditions we obtain the following system of equations.

1
u(z,0) = — cosx + F(x) + g(x) = sinz
c
u(r,0) = —cF'(x) + cd (z) =1+ 1z
Even though this system is in terms of z, it’s really in terms of w, where w is any expression we

choose.

1
— cosw + F(w) + g(w) = sinw
¢
—cF'(w) + cg’(w) =1+ w

Differentiating both sides of the first equation with respect to w, we get

1 1
2 sinw+ F'(w) + ¢'(w) = cosw  —  ¢'(w) = cosw + C—Qsinw — F'(w).

Plug this expression for ¢’(w) into the second equation.

1 1 1
—cF'(w)—i—c{cosw—i—QSinw—F'(w)] =1l4+w — F’(w):2<ccosw—|—sinw—w—1>
c c c
Solve for F'(w) and obtain an expression for F'(z — ct).
1 1 2
F(w):% <csinw—ccosw—1;—w> +Ch
1 1 — ct)?
= Flx—ct)= % [csin(:z: —ct) — —cos(x — ct) — (x2c) —(z— ct)} +C
c c

Use the first equation to solve for g(w) and obtain an expression for g(z + ct).

1
g(w) = sinw — 3 CosW = F(w)

. 1 1 ) 1 w?
=sinw — S cosw — — | csinw — —cosw — — — W -4
c 2c c 2

. 1 w2
g(w) = — csmw—fcosw—i-T—i-w -y
c

1 1 t)?
= glz+ct)= % [csin(x + ct) — — cos(z + ct) + (Ztct)”

. - 5 —|—(ac+ct)} -y
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The general solution for u(x,t) becomes

1
u(x,t) = gcosquF(x —ct) + g(z + ct)

1 1 1 — ct)?
:§cosx+% csin(m—ct)—ccos(:c—ct)—(gvzc)—(x—ct)} + 7
1T 1 t)?
+2— csin(z + ct) — cos(a:+ct)+($+26)+(x+ct)] %1
c c

1 1 1
= cosT + §[sin(x — ct) + sin(x + ct)] — = [cos(x — ct) + cos(x + ct)]

c? 2¢?
L[ t)? — ct)?
+2C_(x+20) _(l’ 20) +($+Ct)—($—0t):|
1 1
:—2cosx+i(sinmcosct—gostrsinxcosctermirﬂ)
c
1 1
- ﬁ(cosxcos ct + sinwsinct + cos x cos ct — sinwsinct) + 2—[20t(:1: +1)]
c c
1 1
:—2cosm+sinxcosct——2cosxcosct+t(x—i—1).
c c

Therefore,

1 .
u(zx,t) = 3 ¢os z(1 — cosct) +sinz cos ct + t(x + 1).
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Solution by Green’s Theorem

Ut — Uy =cosx, —oo<zx<oo,t>0

u(z,0) =sinz ut(z,0) =1+2x

The characteristics were found to be straight lines, ¢ = x — ¢t and n = = + ct, with slopes *c.
Suppose (xg,tg) is the point in the zt-plane we want to evaluate u at. The equations of the lines
going through this point are

x —xz9 = c(t —tg)
x —1x9 = —c(t —tog).

Integrate both sides of the inhomogeneous wave equation over the triangular domain D enclosed
by these lines (from left to right as indicated below).

|

x—xg =c(t—1tp)

(xg, 7o)

x—xg =—c(t—1ty)

/
/ 'x

xg —cl xg +cip

Write the double integral explicitly on the right side.

to zo—c(t— t()
//(utt — Ugy) dA = / / cos x dx dt
h 1‘0+c t to)
Rewrite the left side.

to xo— C t t()
// [ c Uy) ut } dA = / / cos x dx dt
zo+c(t—to)

Multiply both sides by —1.

8 to xo— C(t t()
//[ cugC - ut}dA— / / cos z dx dt
a {E0+C(t to

Apply Green’s theorem (essentially the divergence theorem in two dimensions) to the double
integral on the left to turn it into a counterclockwise line integral around the triangle’s boundary

bdy D.
to xo— C(t to
% (uy dr + uy dt) / / cos x dx dt
J:0+C t to

bdy D
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Let L1, Lo, and L3 represent the legs of the triangle.
‘A

(xp, fp)

v

>
xp—ctly xp +clp

The line integral is the sum of three integrals, one over each leg.

to x0 C(t to)
/ (ug dx 4 Pug dt) + / (ug dz 4 Pug dt) + / (us dx + Pug dt) = — / / coszdz dt
Ly Lo Ls 0 Ja

0+C(t—t0)
On L1 On LQ On L3
t=0 x —x9 = —c(t —tp) x —x0 = c(t —tp)
dt=0 dr = —cdt dr = cdt

Replace the differentials in the integrals over Lo and Ls.

xo+-cto dl' to xro— C t to)
/ ut(x,0) dm—i—/ [ut(—cdt) + Py <—)] +/ [ut(cdt) + Py ( >] / / cosz dz dt
xo—cto Lo ¢ Ls x0+c t t()

In this exercise u(z,0) = 1+ x.

xo+cto to pxo—c(t—to)
/ (1—|—x)dx—c/ (mbdt—l—aud > / <8udt+d> / / cosx dx dt
xo—Ccto at 8x at a:()—i-c(t t()

The second and third integrands on the left side are how the differential of v = u(x,t) is defined.

xo+cto to xro— C t to)
/ (1+ )da;—c/ du+c/ du = — / / cos x dx dt
xo—cto Lo Ls xo-l—c t to)

Evaluate the second and third integrals on the left side.

xo+cto to xro— C t to
/ (14x) dz — c[u(zo, to) —u(zo~+cto, 0)] + clu(zo—cto, 0)—u(xo, to)] / / cosx dx dt
xo—cto $O+C t tO
In this exercise u(z,0) = sinx, so u(xg + cto,0) = sin(zg + cto) and u(xo — cto,0) = sin(xg — cto).
zo~+cto to pzo—c(t—to)
/ (1 + ) dx — 2cu(xo, to) + c[sin(zg + cty) + sin(zg — ctp)] / / cos z dz dt
xo—cto 1‘0+C t to)
Solve this equation for 2cu(zo, to).

xo-i-cto to To— C t tO)
2cu(xo, to) = c[sin(xg + cto) + sin(zg — cto)] + / 1+z)de+ / / cos x dx dt
x

xo—cto 0+C(t t()
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Divide both sides by 2c.
1 xo+cto to xro— c t to)

u(xo, to) = =[sin(zg + cto) + sin(zg — cty)] + — / (1+2x)dx + — / coszdrdt
2 2¢ zo—cto zo+c(t—to)

Finally, switch the roles of z and t with those of zy and ¢, respectively.
1 z+ct x—c(to—t)

u(z,t) = §[Sin(x + ct) + sin(z — ct)] + % / (14 zo) dzo + — / / cos g dxg dtg
CJr—ct x+c(to—t)
Proceed to evaluate the last integrals.

T+t z+c(t—to)
(14 zo) dzo + / / cos xg dxg dtg
t to

z+c(t—to)
dto
—C(t—to)

u(z,t) = %[Sin(x + ct) + sin(z — ct)] + % /_ t

x+ct 1 t

+ — sin o

1 1
= 5(2 cosctsinx) + — <x0 + 3320> R

2c

1 t
= cosctsinz + — 50 (2ct + 2ctx) 2— / {sin[z + ¢(t — tp)] — sin[z — c(t — to)] } dto
¢Jo

1
=cosctsinx +t+txr + — (
2c

cosx — cos(z +ct)  cos(z — ct) — cos x)
c c

. 1 1
=cosctsinz +t(x + 1) — ﬁ[cos(x + ct) + cos(x — ct)] + — cosx
c

1 1
=cosctsinz +t(xr+1) — ﬁ@cosctcosx) + 5 cosw
c ¢

1 1
= cosctsinx +t(x + 1) — - cosctcosx + — cosx
c c

Therefore,

1
u(z,t) = 3 ¢os z(1 — cosct) +sinx cosct + t(x + 1).
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Solution by Duhamel’s Principle

Ut — CUyy = cosr, —oo<zx<o0o,t>0
u(z,0) =sinz ut(x,0) =1+2x

Use the fact that the PDE is linear to split up the problem. Let u(z,t) = v(x,t) + w(x,t), where
v and w satisfy the following initial value problems.

Vit — c%m =0 Wyt — cme =coszT

v(z,0) =sinx  v(z,0)=1+=x w(z,0) =0 w(z,0)=0

The solution for v is given by d’Alembert’s formula in section 2.1 on page 36.

1 x+ct
vz, t) = i[sin(x + ct) + sin(z — ct)] + 20/ (14 z0) dxo

—ct

= cosctsinz + t(z + 1)

According to Duhamel’s principle, the solution to the inhomogeneous wave equation is

t
w(z,t) :/ W(x,t — s;s)ds,
0

where W = W (z,t;s) is the solution to the associated homogeneous equation with a particular
choice for the initial conditions.

th—CQWm:O, —o<xr<oo,t>0
W(z,0;s) =0 Wi(z,0;s) = cosz

The solution for W is given by d’Alembert’s formula.

1 z+ct
W(z,t;s) = 2/ cosrdr
CJr—ct

xr+ct
= —sinr

2c

T—ct

= %[Sin(x + ct) — sin(z — ct)]

1
= 2 in ct
26[ cos  sin ct]

= —coszsinct
c
The solution to the inhomogeneous wave equation is then

w(z,t) = /0 %cosxsin[c(t —s)]ds

1 Lo
= cosx/o {—sinfc(s — t)]} ds

Cc

1 <l—cosct>
=-cosx | ———
c c

1
=2 cosz(1l — cosct).
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Therefore,

1
u(z,t) = 3 Cos z(1 — cosct) +sinz cosct + t(x + 1).

We can check that the Duhamel solution satisfies the wave equation. Use the Leibnitz rule to
differentiate the integrals.

wy — w _90 8/tW(xt s)ds —c/W s)ds
" ”_at ot ’ 0
/ Jt—s;s)ds + W(z,0;t) -1 — W(x,t;0) - —C/VVM —s;5)ds
(915 at —_——
t
8t2W( s;8)ds + Wy(z,0;t) - 1 — Wy(x, t; 0)-0—02/ Wow(,t — s58)ds
0

e
= / (Wit(z,t — s38) — Wag(z,t — 575)] ds + Wi(x,0;t) = cosz
0

=0
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